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Abstract: Several disciplines, such as econometrics, neuroscience, and computational psychology,
study the dynamic interactions between variables over time. A Bayesian nonparametric model known
as the Wishart process has been shown to be effective in this situation, but its inference remains
highly challenging. In this work, we introduce a Sequential Monte Carlo (SMC) sampler for the
Wishart process, and show how it compares to conventional inference approaches, namely MCMC
and variational inference. Using simulations, we show that SMC sampling results in the most robust
estimates and out-of-sample predictions of dynamic covariance. SMC especially outperforms the
alternative approaches when using composite covariance functions with correlated parameters. We
further demonstrate the practical applicability of our proposed approach on a dataset of clinical
depression (n = 1), and show how using an accurate representation of the posterior distribution can
be used to test for dynamics in covariance.

Keywords: dynamic covariance; Wishart processes; Bayesian inference; Sequential Monte Carlo;
Markov Chain Monte Carlo; variational inference

1. Introduction

Various domains study the joint behaviour of multiple time series. For example, in
the human brain, these time series consist of neuronal activation patterns; in finance, they
represent stock indices; and in psychology, they show self-reported measures of mental
health. For many research questions in these domains, it is essential to study the covariance
structure between different time series. In neuroscience for example, the communication
between different brain areas is studied [1,2], which in turn can be used as a marker to
diagnose several neurological disorders [3]. Other examples include assessing the risks
and returns of stock portfolios by investigating the covariance of different assets [4], and
investigating the co-occurrence of symptoms in mental disorders [5–7]. Recently, there has
been a shift in focus from hitherto static representations of these interactions, to dynamic
covariances, in which the interactions between time series change as a function of an input
variable. For example, recent findings in neuroscience suggest that the interactions between
brain regions can change over time and that modelling the covariance between brain
regions dynamically provides more sensitive biomarkers for cognition [1,2,8]. Similarly, in
finance, the dynamic interactions between stock markets are used to study volatility and
financial crises [9–12]. Lastly, in psychology, covariance structures between mental health
markers are shown to be altered in individuals with neuroticism [13] and major depressive
disorder (MDD) [14]. Namely, the covariance between symptoms is stronger in subjects
diagnosed with major depressive disorder compared to healthy controls. Importantly, even
within a single subject, the covariance structure between symptoms changes near the onset
of depressive episodes, providing potential early warning signals [15].

Processes of dynamic covariance can be modelled in several ways. The most prominent
approaches include the multivariate generalised autoregressive conditional heteroscedastic
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(MGARCH) model commonly used in finance [16–19], and the sliding-window approach
that is popular in neuroscience [20,21]. However, both approaches have a number of
shortcomings. Importantly, the MGARCH-family of models requires that observations
are evenly spaced over the input domain. Although even spacing is often not a problem
when the questions concern time series, there are many examples where even spacing is
not feasible, for example, when studying cross-sectional age-related differences or how
medication dosage affects the covariance of mental health symptoms. Furthermore, the
sliding-window approach requires the user to determine a number of parameters, such as
window size and stride length, that can greatly affect the dynamic covariance estimates
they result in [22,23]. For example, larger window sizes will result in slower observed
changes in covariance, while smaller window sizes will result in more noisy measurements
of covariance. In an attempt to address these challenges, Wilson and Ghahramani [24] intro-
duced the generalised Wishart process. The Wishart process is a Bayesian nonparametric
approach based on Gaussian processes (GPs) [25] that, in contrast to the aforementioned
methods, can handle unevenly spaced observations. Furthermore, as a Bayesian approach,
it does not provide a point estimate of dynamic covariance, but a distribution over dynamic
covariance structures. This in turn allows the model to indicate its estimation uncertainty,
which enables the user to perform statistical tests. For example, with a probabilistic esti-
mate of the Wishart process, one can test for the presence of (dynamic) covariance, even
when observations are only available for a single subject. This model has been applied
in different contexts, for example, for modelling noise covariance in neural populations
across trials [26], when studying time-varying functional brain connectivity [27,28], for
improving the resolution in diffusion magnetic resonance imaging [29], and in combination
with stochastic differential equations [30].

Although the Wishart process overcomes several of the limitations of the other dy-
namic covariance methods, inference of the model parameters remains challenging. Es-
pecially for composite covariance functions, the model is high-dimensional, and several
parameters are highly correlated. This makes the posterior distribution potentially multi-
modal. Wilson and Ghahramani [24] inferred the model parameters using Markov Chain
Monte Carlo (MCMC) sampling. Although MCMC samplers are guaranteed to converge to
the true distribution, they have difficulties in sampling from high-dimensional distribu-
tions efficiently. As a solution, Heaukulani and van der Wilk [31] proposed a variational
inference approach based on sparse Gaussian processes [32]. Although this approach is
indeed much more scalable than MCMC-based approximations, it is not robust against local
minima, and provides no posterior distribution over the hyperparameters of the model.

In this work, we propose a third approximate inference scheme for the Wishart pro-
cess using Sequential Monte Carlo (SMC) [33,34]. SMC approximations were originally
introduced for filtering approaches in state-space models [35], but more recently, they have
been gaining popularity as a generic approximate Bayesian inference technique [36,37].
Fundamentally, SMC performs a large number of short MCMC-based inference chains on
different initializations of the model parameters, known as particles, in parallel, which are
then combined using importance sampling. The parallelisation makes SMC well suited
for inference of high-dimensional and multimodal distributions, as it tends not to become
stuck in local optima. In addition, the computation that is required within the chains can
largely be executed in parallel, which enables the algorithm to benefit from modern parallel
compute hardware, such as GPUs. Here, we introduce the SMC inference scheme for the
Wishart process and compare it to MCMC [24] and variational inference [31]. In most
cases, SMC outperforms these approaches in terms of model fit and predictive performance.
Furthermore, although variational inference tends to converge more quickly, SMC provides
the full posterior at comparatively little additional running time.

This paper is organised as follows. In Section 2, we describe the Wishart process
and SMC sampling. We also briefly recap MCMC sampling and variational inference. In
Section 3, we compare the inference methods in different simulation studies that focus
on capturing the true covariance process and the latent model parameters, and how accu-



Entropy 2024, 26, 695 3 of 27

rately capturing these model parameters can be of importance of accurate out-of-sample
predictions. In Section 4, we demonstrate how the Wishart process can be used in practice
by applying it to a dataset of self-reported depression symptoms [15] and show how the
distribution over the covariance can be used to test for dynamics in covariance. Section 5
concludes our comparison and discusses future research directions.

2. Bayesian Inference of Wishart Processes
2.1. Wishart Processes

To understand the generalised Wishart process [24,31,38], we first describe the situation
in which we model a constant covariance matrix using the Wishart distribution. Let d be
the number of variables (that is, time series), and let x = (x1, . . . , xn) be a vector of n input
locations, xi ∈ R, and Y = (y1, . . . , yn)

⊤ a matrix of observations with yi ∈ Rd, such that
Y ∈ Rn×d. We assume that yi is drawn from a multivariate normal distribution with a
mean of zero (although this can easily be extended to other mean vectors as well), and a
covariance Σ:

yi ∼ MVN d(0, Σ) , i = 1, . . . , n . (1)

To learn the covariance matrix Σ from the observations, we follow a Bayesian approach,
which implies we must decide on a prior distribution for the latent variable Σ. A popular
choice of prior for covariance matrices is the Wishart distribution, because it is conjugate to
the normal distribution, and therefore, the posterior p(Σ | x, Y) can be computed analyti-
cally (see [39]). The Wishart distribution is parameterised by a scale matrix V and a scalar
degrees of freedom parameter v, and has the following density:

p(Σ | V, v) =
|Σ|(v−d−1)/2 exp

(
−tr
(
V−1Σ

)
/2
)

2vd/2|V|v/2Γd(v/2)
= Wd(V, v) (2)

where tr(·) is the trace function and Γd(·) is the multivariate gamma function. The intuition
behind parameters V and v is as follows. Suppose we have a matrix F ∈ Rd×v, of which
each column is drawn independently from a multivariate normal distribution with a mean
of zero and no covariance between the elements (that is, the covariance matrix is the identity
matrix I), i.e., fl = ( f1l , . . . , fdl)

⊤ ∼ MVN d(0, I); then, the sum over the outer products
of the v columns of F is Wishart-distributed with scale matrix I and v degrees of freedom.
Additionally, we can scale the outer products by the lower Cholesky decomposition L of
scale matrix V (that is, V = LL⊤):

fl = ( f1l , . . . , fdl)
⊤ ∼ MVN d(0, I) , l = 1, . . . , v

Σ =
v

∑
l=1

Lflf
⊤
l L⊤ ∼ Wd(V, v) , l = 1, . . . , v .

(3)

The resulting covariance matrix Σ ∈ Rd×d is Wishart-distributed with scale matrix V and
degrees of freedom v.

In the Wishart process, the constant covariance matrix Σ is replaced by an input-
dependent covariance matrix. This leads to the following definition of the observations,
where now Σ is parameterised by x:

yi ∼ MVN d(0, Σ(xi)) , i = 1, . . . , n . (4)

Wilson and Ghahramani [24] describe a constructive approach for Σ(xi) that is similar to
how the Wishart distribution is made out of normal distributions. This time, the multi-
variate normal distributed columns of F in Equation (3) are replaced by i.i.d. GPs eval-
uated at x. These GPs have a zero mean function and a kernel function κθ , with θ as
its hyperparameters:

fjl(x) ∼ GP(0, κθ) , j = 1, . . . , d , l = 1, . . . , v . (5)
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Under the assumption that κθ(xi, xi) = 1, taking the sum of outer products for every obser-
vation xi results in a Wishart-distributed covariance matrix, that is,
Σ(xi) = ∑v

l=1 fl(xi)fl(xi)
⊤ ∼ Wd(I, v), where I is the identity matrix. Similar to the

Wishart distribution, we then construct Σ by scaling this sum of outer products by the scale
matrix V:

Σ(xi) =
v

∑
l=1

Lfl(xi)fl(xi)
⊤L⊤ ∼ Wd(V, v) , i = 1, . . . , n , (6)

with V = LL⊤ as before. Figure 1 provides a visual illustration of the constructive approach
to the Wishart process.
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Figure 1. A visualization of the construction of the Wishart process (see Equation (6)). With d = 3
variables and v = 4 degrees of freedom, the covariance at a single input xi (represented by the red
dotted line) is constructed from the outer product of the GP samples evaluated at this input. The
resulting d × d is subsequently scaled by the d × d lower Cholesky decomposition of a scale matrix.
Below, the time series from which to perform inference are shown.

To complete the Bayesian model, we define the following prior distribution scheme.
We set a normal prior on each element of L independently, and determine the prior of θ
based on the covariance function (as will be described in Section 3):

θ ∼ p(θ)

fjl ∼ GP(0, κθ) and fl = ( f1l , . . . , fdl)
⊤ j = 1, . . . , d , l = 1, . . . , v

Ljo ∼ N (0, 1) j = 1, . . . , d , o = 1, . . . , d

Σ(xi) =
v

∑
l=1

Lfl(xi)fl(xi)
⊤L⊤ i = 1, . . . , n

yi ∼ MVN d(0, Σ(xi)) i = 1, . . . , n .

Finally, if we want to predict observations y∗ at test locations x∗, we first predict the
latent GPs:

f∗jl | fjl ∼ MVN n∗

(
K∗xKxxfjl , K∗∗ − K∗xK−1

xx K⊤
∗x

)
j = 1, . . . , d , l = 1, . . . , v , (7)

where K∗x is formed by evaluating κθ at all combinations of test and training inputs, and
K∗∗ by evaluating κθ at all pairs of test locations. Subsequently, we construct the covariance
process using Equation (6) and then sample y∗ using Equation (4).
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An important property of the Wishart process is that the covariance function κθ can
be used to express different qualitative beliefs of the dynamic covariances. For example,
when using the Radial Basis Function (RBF) as covariance function, the covariance pro-
cess becomes autocorrelated and smooth, as covariances corresponding to nearby input
locations will be similar. Alternatively, if periodicity is expected in the covariance process,
we can model this using a (locally) periodic function for κθ . Figure 2 demonstrates a
few examples of how different covariance functions and hyperparameters influence the
covariance process.
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Figure 2. Different GP covariance functions can model different covariance structures. (A) GP
samples drawn from GP priors with different covariance functions and hyperparameters. The GP
samples have an RBF covariance function with ℓRBF = 0.1 or ℓRBF = 0.3, a Matérn 1/2 covariance
function with ℓM12 = 0.3, or a Locally Periodic covariance function with ℓRBF = 2.0, ℓp = 1 and
p = 0.3. (B) The covariance processes are constructed from the GP samples on the left and the lower
Cholesky decomposition of the scale matrix, L (here set to the identity matrix). The upper triangular
elements of Σ(xi) are visualised, showing that the covariance process is a complex combination of
GP samples.

2.2. Bayesian Inference

Although the construction of the Wishart process appears to be a straightforward
extension of the Wishart distribution, inference of the corresponding posterior distribution
p(Σ(xi) | x, Y) (note that the dependency on x is sometimes omitted to improve legibility
when no confusion is likely to arise) is substantially more involved. Foremost, the likelihood
of the Wishart process is not conjugate to the prior, which prohibits exact inference and
forces us to opt for approximate methods instead. However, this remains a challenge, as
some of the model parameters are highly correlated. Previous studies have sampled from
the posterior using Markov Chain Monte Carlo (MCMC) sampling [24], or approximated
the posterior using a variational approach [26,31]. Although both approaches showed an



Entropy 2024, 26, 695 6 of 27

improved performance compared to existing dynamic covariance modelling methods, both
methods have trouble inferring high-dimensional and potentially multimodal distributions.
Therefore, we introduce a third method to inference of the Wishart process based on
Sequential Monte Carlo (SMC) samplers [34]. Before expanding on this new approach,
we briefly recap the existing algorithms used to infer the posterior distributions of a
Wishart process.

2.2.1. Markov Chain Monte Carlo and Variational Inference

We want to infer the posterior p(Σ(xi) | x, Y). Since Σ(xi) follows deterministically
from f jl(xi), for all j ∈ 1, . . . , d and l ∈ 1, . . . , v, this comes down to learning the posterior
p(F, L, θ | x, Y), where F contains all d × v independent GP samples. Wilson and Ghahra-
mani [24] use MCMC sampling to infer this posterior distribution. A detailed explanation of
their approach can be found in Appendix A, but here, we will briefly describe the sampling
algorithm. The MCMC approach uses Gibbs sampling [40] where in each MCMC iteration,
the parameters are updated according to their conditional distributions:

p(F | θ, L, x, Y) ∝ p(Y | F, L, x)p(F | x, θ)

p(θ | F, L, x, Y) ∝ p(F | x, θ)p(θ)
p(L | θ, F, x, Y) ∝ p(Y | F, L, x)p(L) ,

(8)

Here, p(Y | F, L, x) is the multivariate normal likelihood and p(θ) and p(L) are prior dis-
tributions for the covariance function parameters and the scale matrix, respectively. The
distribution p(F | x, θ) is a multivariate normal prior on the latent GPs. Although the
approach by Wilson and Ghahramani [24] was shown to be effective, the method scales
unfavourably to higher dimensions, both in the number of observations n and the number
of variables d. To address this issue, Heaukulani and van der Wilk [31] instead propose
to approximate the posterior using variational inference, a method that uses optimisation
instead of sampling. Additionally, they make use of several techniques commonly found in
the GP literature, such as sparse Gaussian processes [41], to make inference more efficient.
More details on their method can be found in Appendix B.

2.2.2. A Sequential Monte Carlo Sampler for Wishart Processes

The MCMC and variational inference approaches for approximate inference of the
Wishart process both possess a number of drawbacks. First, due to the correlations in the
model parameters and potential multimodality in the posterior, depending on the choice
of covariance function κθ , a standard MCMC approach is inefficient and requires a large
number of samples to converge. The variational inference approach by Heaukulani and
van der Wilk [31] enables scaling applications up to larger datasets, but in practice, it is
prone to becoming stuck in local optima. Furthermore, it does not provide a posterior
distribution for the hyperparameters of the model. To overcome these limitations, we here
introduce a novel Sequential Monte Carlo (SMC) sampler [34,36] for posterior inference.
SMC samplers are efficient at sampling from multimodal distributions because, instead of
initialising the parameters at a single location, they initialise a large amount of parameter
sets, called particles, and iteratively update these particles based on their fit to the obser-
vations. Additionally, the updates for the different particles can be performed in parallel.
This allows for a substantial speed increase compared to the other approaches, although of
course this requires the availability of parallel computation hardware, such as GPUs.

The SMC algorithm starts from an easy-to-sample density such as the prior, and
incrementally lets the particles sample from more complex densities, to eventually approach
the target density. The outline of the sampler is as follows. First, s sets of parameters
(particles) {F(i), θ(i), L(i)}s

i=1 are initialised by drawing them from their prior distributions.

Each particle is assigned a weight, which is initially set to w(i)
0 = 1/s. Next, we iteratively

apply a weighting, resampling, and mutation step to adapt the particles based on their fit
to the observations:
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1. In the weighting step, particles are assigned a weight based on how well each particle
fits the data using

w(i)
t =

pt

(
Y | F(i)

t , θ
(i)
t , L(i)

t

)
pt−1

(
Y | F(i)

t , θ
(i)
t , L(i)

t

) , (9)

where t represents the current SMC iteration, and i, the particle index. Depending on
the implementation, the distribution pt can change for every SMC iteration t. This
distribution will eventually form our approximation of the posterior distribution.

2. Next, the particles are resampled with replacement in proportion to their weights.
This means that particles with small weights are discarded, and particles with large
weights are duplicated.

3. Lastly, the particles are mutated by performing a number of Gibbs cycles (see

Equation (8)) for each particle, using the tempered distribution pt

(
Y | F(i)

t , θ
(i)
t , L(i)

t

)
as the likelihood. This avoids the risk of all particles receiving identical parameters
after a few iterations.

If we set the tempered distribution to the likelihood, we will mainly explore regions
with a high likelihood, because the particles are only weighted based on their fit to the
data. This risks the issue known as particle collapse, where all particles consist of the
same high-likelihood values. To overcome this, we use an adaptive-tempering variant of
SMC [36,42]. Here, the distribution at SMC iteration t is tempered according to

pt(Y | F, θ, L) = p(Y | F, θ, L)βt , (10)

where βt is the temperature that dampens the influence of the likelihood. βt is initially
set to 0. This means we initially simply sample from the prior, and β is then gradually
increased until it reaches a value of 1, at which point we sample from the posterior. The
increase in temperature between two successive SMC iterations, ∆βt, is determined via the
effective sample size of the weights, seff. The effective sample size is a measure of particle
diversity. The new temperature at every iteration is then determined by finding βt such
that seff = as, where a is the fraction of particles that we want to be independent [33,43,44].

3. Simulation Studies

We compare MCMC, variational inference, and SMC on two distinct simulations
representing different scenarios of dynamic covariances. Before we compare these three
methods, we first provide implementation details of all three methods. Next, we describe
the data generation procedure for these simulation studies and how we will evaluate
each approach.

3.1. Implementation Details

Gibbs MCMC sampling is implemented using the Blackjax Python library [45], which
builds on top of the JAX framework [46]. When sampling with MCMC, we sample the
covariance function hyperparameters θ and the lower Cholesky decomposition of the
scale matrix L using a Random Walk Metropolis Hastings sampler with a step size of 0.01.
We use a thinning of 1000 samples and the number of burn-in steps is determined by
the convergence of all model parameters, unless mentioned otherwise in the experiment.
Convergence is measured by the Potential Scale Reduction Factor (PSRF) [47], where we
interpret a value of less than 1.1 as being converged. We measure the PSRF over four
re-runs, known as ‘chains’, of the inference algorithm, each time with a different random
initialisation of the model parameters. After convergence across chains, we combine these
four chains by randomly taking 250 samples of each chain.
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Variational inference is implemented using the GPflow 2 library [48], and the imple-
mentation can be found on GitHub (https://github.com/DavidLeeftink/BANNER.git, ac-
cessed on 10 March 2024). The noise parameter in Equation (A4) was initialised as
λjj = 0.001 for j = 1, . . . , d. Similar to Heaukulani and van der Wilk [31], we approx-
imate the gradients of expectation of the log-likelihood in Equation (A3) using a small
number of Monte Carlo estimates. In our results, we have used three Monte Carlo estimates.
To optimize Equation (A3), we use the Adam optimiser [49] with an initial learning rate of
0.001. We do not make use of minibatches or inducing points. For variational inference, we
can use the PSRF only as a measure for convergence of the covariance process, but not for
the latent model parameters, because variational inference only provides point-estimates
for these. Therefore, we optimize the ELBO until it has not improved for 10,000 iterations,
after which we use a PSRF below 1.1 as a criteria for the convergence of the covariance
process. As before, the PSRF is computed over the estimates of four re-runs with a different
random initialisation. Moreover, within each re-run, we inspect whether or not the latent
model parameters have converged when the ELBO has converged. We then use the run
with the highest ELBO for subsequent analyses.

Similar to the MCMC implementation, SMC sampling is also implemented in the
Blackjax Python library. Within each SMC cycle, we sample the covariance function
hyperparameters θ and the lower Cholesky decomposition of the scale matrix L using
the Gibbs MCMC sampling approach described above. We set the number of particles
to 1000, and, unless mentioned otherwise, we base the number of mutation steps on the
convergence of all model parameters, as determined by a PSRF below 1.1. This convergence
is again measured over four re-runs of the inference algorithm, each time with a different
random parameter initialisation. Code for our analyses is available on GitHub (https:
//github.com/Hesterhuijsdens/GWP-SMC).

3.2. Synthetic Data

In order to compare MCMC, variational inference, and SMC, we evaluate each ap-
proach on data with a known ground truth covariance process. In our first simulation study,
we construct a dynamic covariance process that is drawn from a Wishart process prior with a
Radial Basis Function (RBF; also known as the squared-exponential) as covariance function:

κRBF
(
x, x′

)
= exp

(
− (x − x′)2

2ℓ2
RBF

)
. (11)

We set the lengthscale parameter to ℓRBF = 0.35, representing slow dynamics, and the scale
matrix V to the identity matrix. Using d = 3 variables and v = 4 degrees of freedom, we
draw d × v GP samples and construct the covariance process using Equation (6). We repeat
this covariance process generation procedure ten times while keeping the lengthscale
parameter ℓRBF and the scale matrix V the same. Finally, the ten resulting covariance
processes are used to generate ten datasets, by sampling n = 300 observations from a
multivariate normal distribution with a mean of zero, and the latent covariance process
as covariance. An example of a generated ground truth covariance process is shown in
Figure 3A.

https://github.com/DavidLeeftink/BANNER.git
https://github.com/Hesterhuijsdens/GWP-SMC
https://github.com/Hesterhuijsdens/GWP-SMC
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Figure 3. (A) Estimates of a covariance process drawn from a Wishart process prior. The ground truth
covariance process is shown in black. (B) Inference results of the lengthscale parameter of the Radial
Basis Function covariance function and the scale matrix. The true values (ℓRBF = 0.35 and V = I) are
indicated by the grey dotted lines.

In our second simulation study, we generate a covariance process that follows a rapid
state-switching pattern between d = 3 variables. This covariance process is generated as
follows. The off-diagonal elements of the true latent covariance process alternate every
50 observations between values of 0 and 0.8, and the variances are set to 1. This structure
is shown in Figure 4. Again, we generate ten datasets, but this time, we use the same
ground truth covariance process for all ten datasets. We draw n = 600 observations from
a multivariate normal distribution with a mean of zero and the state-switching latent
covariance process, of which the first ntrain = 300 observations are being used for inference,
and the remaining ntest = 300 observations for out-of-sample prediction. To capture the
periodic structure of this covariance process, we use both a Periodic covariance function and
a Locally Periodic (LP) covariance function. The Periodic covariance function is defined as

κPeriodic
(

x, x′
)
= exp

(
−2 sin2(π|x − x′|/p)

ℓp
2

)
, (12)

where p determines the period of the covariance, and ℓp determines the fluctuations
within each period. The LP covariance function is constructed by multiplying this Periodic
function with an RBF covariance function to obtain

κLP
(

x, x′
)
= exp

(
−2 sin2(π|x − x′|/p)

ℓp
2

)
exp

(
− (x − x′)2

2ℓRBF
2

)
, (13)

where p again determines the period of the covariance, ℓp determines the fluctuations
within one period, and ℓRBF allows the repeating covariance to change over time. Both func-
tions should be able to capture the ground truth state switches; however, the LP covariance
function allows for more flexibility. We set a log-normal prior on all three parameters.
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Figure 4. Covariance process estimates and out-of-sample predictions for MCMC (in orange), VI (in
purple) and SMC (in green), using a Periodic covariance function, together with the corresponding
distributions over the covariance function parameters. The true covariance process is shown in black,
and out-of-sample predictions are shown after the grey dotted line. The Periodic covariance function
has two parameters: the period (p) and the lengthscale within each period (ℓRBF).

3.3. Performance Metrics

We evaluate the different inference approaches based on how well they recover the
ground truth. Therefore, we compute the mean squared error (MSE) between the ground
truth covariance process and the corresponding mean estimate of the covariance process.
This metric is averaged over all d variables and n observations. Additionally, when the
model parameters that were used to construct the ground truth covariance process are
known (as in our first simulation), we compute the MSE between those parameters and
the corresponding mean estimates. Furthermore, since the inference methods provide
a distribution over the covariance, we evaluate this full distribution by computing the
MSE between samples of the covariance process and the ground truth. This MSE is
again averaged over all d variables and n observations. We refer to this metric over the
full covariance distribution as MSEsamples. Hence, we use the MSE to evaluate both the
accuracy of the mean covariance process estimate and the accuracy of the distribution over
the covariance process estimate.

Finally, in the second simulation study, we are interested in making out-of-sample
predictions. Here, we evaluate the predictive performances of the three inference methods
by means of the log-likelihood (LL) of the observations, given the mean covariance process
estimate. This log-likelihood is averaged over the number of observations n. To also
validate the predictive performance over the entire predictive posterior distribution, we
measure the Kullback–Leibler divergence (KL) between the predictive posterior distribution
and the true multivariate normal distribution of the observations.

3.4. Simulation Study 1: Learning the Model Parameters

The aim of our first simulation is to validate the ability of each inference method to
capture the ground truth. Therefore, we simulate observations with a covariance process
drawn from a Wishart prior (as described in Section 3.2), and use these data to measure the
accuracy of MCMC sampling, variational inference, and SMC sampling in inferring the
covariance process, the scale matrix, and covariance function hyperparameters. For each
approach, we use the RBF covariance function, with a log-normal prior distribution on
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the RBF lengthscale parameter. For the current simulation study, MCMC converges after
a burn-in of 4 million samples. SMC requires on average 65 SMC adaptation cycles with
2000 mutation steps within each cycle, and VI an average of 21,420 iterations. Notably, the
elements of Σ(x) converge relatively quickly, while the other model parameters such as the
RBF lengthscale (see Appendix D Figure A2) take much longer to reach convergence.

In Figure 3A, we show the estimated dynamic covariance for one exemplar simulation
run. The corresponding parameter estimates (here, the RBF lengthscale and the elements of
the scale matrix V) are shown in Figure 3B, together with the ground truth values. MCMC
and SMC both infer a distribution over the model parameters, which are visualised using
kernel density estimation [50]. Variational inference learns point-estimates of the model
parameters, shown as a vertical line. These results are quantified using the performance
measures described in Section 3.3, and shown in Table 1.

Table 1. The accuracy of each inference method in capturing the ground truth covariance process
(MSEΣ), lengthscale (MSEℓRBF ), and scale matrix MSEV from Simulation study 1. We evaluate the
mean covariance process estimate, as well as its full posterior distribution (MSEsamples). The compu-
tation time is shown in minutes (for MCMC per chain and for VI per initialisation). The mean and
standard deviation over ten datasets are shown, with the best scores shown in bold.

Method MSEΣ MSEℓRBF MSEV MSEsamples Runtime (Minutes)

MCMC 0.45 ± 0.36 0.00 ± 0.00 0.28 ± 0.26 0.59 ± 0.51 308.29 ± 7.13
VI 0.44 ± 0.29 0.10 ± 0.05 0.55 ± 0.36 0.51 ± 0.37 54.84 ± 0.82

SMC 0.45 ± 0.35 0.00 ± 0.00 0.31 ± 0.28 0.61 ± 0.52 105.40 ± 2.08

The performance measures, along with the runtime of each inference method in Table 1
indicate that all three approaches are successful in recovering the mean of the ground
truth covariance process. When we look at the accuracy of estimating the latent model
parameters, we see that these are recovered considerably less well by VI. In particular,
MCMC and SMC both outperform VI when we look at the accuracy of inferring the
RBF lengthscale and scale matrix. In other words, while variational inference reaches
convergence most quickly, this comes at the cost of accurately estimating the latent model
parameters, even though all three methods have converged and we took the VI result with
the highest ELBO out of four re-runs (see Section 3.1). We investigate the effect of the
difference in model parameter estimation in the next simulation study.

3.5. Simulation Study 2: State Switching and Out-of-Sample Prediction

In the previous experiment, we found that all three inference methods are able to
accurately estimate the covariance process, but that, unlike MCMC and SMC, variational
inference did not recover the latent model parameters well. To explore how this affects
the ability to make out-of-sample predictions, we use the covariance process that follows a
state-switching pattern (as described in Section 3.2) to make out-of-sample predictions, and
use both a Periodic and a Locally Periodic (LP) covariance function to model this covariance
process. Both functions should be able to capture the state switches that are present in
the ground truth; however, the LP covariance function allows for more flexibility. We set
a log-normal prior on all three parameters. In contrast to the RBF covariance function
that was used before, which only has a single parameter, these covariance functions have
two and three parameters, respectively, and each of these have an important impact on
out-of-sample extrapolation. For example, if the period p is estimated poorly, the further
away from training data we are, the more out of phase our predictions will be. Therefore, a
correct inference of these parameters is crucial, but this is made even more difficult due to
multimodality in the posterior distribution.

Recall that we use the first ntrain = 300 observations for inference, and the remaining
ntest = 300 observations for out-of-sample prediction. Figure 4 shows an example of an
estimate and out-of-sample prediction of the three inference methods using a Periodic
covariance function. Upon visual inspection, we observe that all three methods were able
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to estimate the periodic ground truth covariance process for the training data, although
there are differences in performance. From the MSEs over the mean covariance estimate
(MSEΣ) in Table 2, we can see that the estimates using SMC sampling outperform those
made by variational inference and MCMC sampling. When looking at the MSE computed
over the individual samples (MSEsamples), we observe the same pattern. On the training
data, SMC sampling is most accurate in estimating the mean covariance process, and the
distribution over this covariance process. Moreover, for MCMC and variational inference,
we learn that the estimates using an LP covariance function were slightly more accurate
than those using a Periodic covariance function.

Table 2. Using either a periodic or Locally Periodic covariance function, we show the accuracy of each
inference method in capturing the mean ground truth covariance process and its full distribution.
Moreover, for the out-of-sample predictions, we present the average fit to the observations and the fit
of the full predictive posterior distribution. Finally, the computation time (for MCMC per chain and
for VI per initialisation) is shown in minutes. The mean and standard deviation over ten datasets
are shown, with the best scores shown in bold.

Method
Training Out-of-Sample Prediction

Runtime (Minutes)
MSEΣ MSEsamples MSEΣ MSEsamples LL KL

Periodic function
MCMC 0.08 ± 0.02 0.13 ± 0.01 0.19 ± 0.02 0.34 ± 0.07 −4.10 ± 0.07 0.52 ± 0.07 280.88 ± 4.13
VI 0.06 ± 0.02 0.08 ± 0.02 0.14 ± 0.09 0.22 ± 0.15 −4.01 ± 0.16 0.47 ± 0.20 30.72 ± 7.19
SMC 0.04 ± 0.01 0.06 ± 0.01 0.11 ± 0.08 0.13 ± 0.09 −3.94 ± 0.21 0.48 ± 0.40 152.49 ± 2.11

LP function
MCMC 0.05 ± 0.01 0.08 ± 0.01 0.12 ± 0.04 0.24 ± 0.08 −3.98 ± 0.13 0.42 ± 0.10 291.20 ± 3.97
VI 0.05 ± 0.01 0.08 ± 0.02 0.10 ± 0.04 0.17 ± 0.08 −3.97 ± 0.15 0.43 ± 0.14 31.62 ± 6.43
SMC 0.04 ± 0.01 0.06 ± 0.01 0.09 ± 0.02 0.19 ± 0.04 −3.93 ± 0.08 0.36 ± 0.06 154.98 ± 2.97

Although the differences in performance between MCMC, variational inference, and
SMC on the training data are small, they become more pronounced when looking at the
predictive performance. By looking at the out-of-sample predictions in Figure 4, which are
shown after the vertical dotted line, we observe that variational inference did not captures
the periodicity in the ground truth for this set of observations. A few more estimates can
be seen in Appendix C. Over all sets of observations, variational inference captures the
periodicity in 5/10 datasets using a Periodic covariance function, and 9/10 datasets using
an LP covariance function. This is supported by the model parameter estimates in Figure 4,
where it can be seen that the periodicity of approximately 0.33 is not correctly inferred by
variational inference. In this case, only the lengthscale parameter has learned the structure
of the training data. When we look at the results of Gibbs MCMC, we see that this method
too has difficulties in capturing the latent periodicity in the covariance process, especially
when using the Periodic covariance function. SMC sampling gives more consistent results.
Moreover, the results in Table 2 support the differences we observe in Figure 4, namely
that the out-of-sample predictions by SMC more accurately fit the true covariance than
MCMC and variational inference. Although the differences in performance between SMC
and variational inference seem small when using the LP covariance function, it should be
noted that we trained the model four times using different initialisations for variational
inference, and selected the estimates with the best ELBO.

Next, we compare the fit of the covariance estimates to the actual observations. We
compare this using two metrics: the fit of the mean covariance process estimates is evaluated
using the log-likelihood (LL), and the predictive posterior distribution is evaluated using
the KL-divergence (KL) between this distribution and the actual distribution over the
observations (see Section 3.3). Overall, the LL and KL-divergence results in Table 2 reveal
that the differences when looking at the fit to the observations are less pronounced, although
the SMC algorithm results in the best fit to the test data overall.
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Finally, we can compare the three inference methods in terms of computational effi-
ciency. When using the Periodic covariance function, the covariance samples of MCMC
have converged after a burn-in of 5,000,000 burn-in steps per chain, after which we collect
the next 1,000,000 samples. We use a thinning of 1000 samples. However, with four chains,
this means that we need to perform 24 million Gibbs cycles for all chains in total. This
amount of Gibbs cycles remains the same when using the LP covariance function. It should
be noted, however, that the results show that MCMC has still not captured the periodic
structure accurately after 5000 burn-in steps. SMC does capture this periodicity more accu-
rately, and requires, for both covariance functions, an average of 59 SMC adaptation cycles
with 3000 mutation steps per cycle to converge. For 1000 particles, this means that we per-
form 177 million Gibbs cycles in total. However, unlike for the MCMC, the computations of
the SMC mutation steps are parallelised across the particles, and therefore greatly speed up
the algorithm. This means that only 177,000 steps are being performed sequentially, which
is much less than the 6 million steps of MCMC. Finally, VI converges much faster. Namely,
VI requires an average of 46,580 iterations per re-run until convergence of the ELBO, when
using the Periodic covariance function. After convergence of the ELBO, the parameters
no longer changed. Using four re-runs, this means we optimize the ELBO approximately
186,320 times. When using the LP covariance function, we require 44,700 iterations per
re-run and 178,800 iterations in total. However, although variational inference runs faster,
we have seen from the results in Table 2 that variational inference has difficulty in capturing
the periodicity, and therefore in making out-of-sample predictions.

In short, these results suggest that SMC sampling can reliably capture the periodic
structure present in the data by handling the highly correlated covariance function pa-
rameters, and therefore, SMC sampling can make more accurate out-of-sample predic-
tions. From the results of Gibbs MCMC and variational inference, we can see that both
methods have more difficulty with converging, and this has important consequences for
out-of-sample predictions.

4. Empirical Application: Dynamic Correlations in Depression

In this section, we demonstrate how the generalised Wishart process can be used to
study the dynamics of psychological processes, and how it enables novel analyses. Recently,
there has been a paradigm shift in the study of mental disorders. Instead of defining mental
disorders according to the sum score of a set of measurements, they are now increasingly
conceptualised as (dynamic) networks of interacting symptoms [6,7,13,14]. For example,
recent studies on the onset of depressive episodes in people with Major Depressive Disorder
(MDD) have shown that changes in the dynamics between individual symptoms serve
as early warning signs of various mental disorders [15,51]. These studies modelled these
dynamic correlations using a multilevel vector autoregression method [52]. However,
we propose to apply the Wishart process in this context, because this provides us with a
distribution over the covariance, which we can use to test for dynamics. Furthermore this
approach allows us to work with unevenly spaced data, therefore allowing us to estimate
covariance not only as a function of time, but also as a function of some other input variable,
such as medication dosage.

4.1. Dataset, Preprocessing, and Model Choices

We use the dataset from Kossakowski et al. [53], which is obtained from a single subject
who has been diagnosed with MDD. The subject is a 57 year old male who monitored his
mental state over the course of 237 days by filling in a questionnaire of daily life experiences
several times a day. Moreover, the subject had been using venlafaxine, an antidepressant,
for 8.5 years. Interestingly, during the data collection, the dosage of venlafaxine is gradually
reduced to zero in a double-blinded manner according to five experimental phases: baseline
(four weeks), before dosage reduction (between zero and six weeks, the exact timings
unknown to the subject), during dose reduction (eight weeks), post-assessment (eight
weeks), and a follow-up (twelve weeks). These phases are shown in Figure 5A, where we
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can also see that the subject became more depressed over the course of the experiment, as
measured on a weekly basis by the depression subscale of the Symptom Checklist-Revised
(SCL-90-R) [54].
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Figure 5. (A) Venlafaxine dosage (in red) and depression measurements (in blue), as measured by the
SCL-90-R score over the course of the experiment. The five experimental phases (4 weeks baseline,
0–6 weeks before dose reduction, 8 weeks dose reduction, 8 weeks post-assessment, and 12 weeks
follow-up) are shown by the shaded background, and the black vertical line indicates the moment
at which the subject relapsed into a depressive episode. (B) The loadings from individual items to
the three principal components positive affect (PA), negative affect (NA), and mental unrest (MU).
(C) The time series data for the five mental states, together with their moving average (in grey).

Following Wichers et al. [15], we collect the following items from the questionnaires: ‘ir-
ritated’, ‘content’, ‘lonely’, ‘anxious’, ‘enthusiastic’, ‘cheerful’, ‘guilty’, ‘indecisive’, ‘strong’,
‘restless’, and ‘agitated’. Subsequently, these symptoms are summarised using principal
component analysis together with an oblique rotation [15]. The loadings of each item on
these components can be seen in Figure 5B. The components are interpreted as ‘positive
affect’, ‘negative affect’, and ‘mental unrest’. Moreover, we use the items ‘worrying’ and
‘suspicious’ as separate variables, again following [15]. Finally, slow non-periodic time
trends are removed from the data and, to speed up inference, only every fourth observation
is kept. This results in a total of n = 369 and d = 5 variables (‘positive affect’, ‘negative
affect’, ‘mental unrest’, ‘worrying’, and ‘suspicious’), as visualised in Figure 5C.
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In order to model both slow and fast changes in covariance between the five mental
states, we sum an RBF and a Matérn 1/2 covariance function:

κRBF + M12
(
x, x′

)
= exp

(
− (x − x′)2

2ℓ2
RBF

)
+ exp

(
−|x − x′|

2ℓ2
M12

)
. (14)

Moreover, to model the slow fluctuations of the level of these symptoms over time regard-
less of their interactions with other symptoms, we use an exponential moving average
(EMA) mean function [55]:

EMA(yi+1,j) = α
[
yij + (1 − α)yi−1,j + (1 − α)2yi−2,j + . . . + (1 − α)k−1yi−(k−1),j

]
, (15)

where α = 2/(k + 1) influences the smoothness of the mean. We set k = 10.

4.2. Hypothesis Test for Dynamic Covariance

With a Bayesian approach to modelling covariance processes, we obtain an estimate
of the posterior distribution over the covariance process. The advantage of this is that,
once we have inferred this distribution, we can perform a hypothesis test on the covari-
ance process, allowing us to learn what type of covariance is present between a pair of
variables. That is, two variables can either be (i) uncorrelated, when 0 ∈ p(Σij(x) | x, Y), ∀x;
(ii) statically correlated (denoted by ‘S’), if ∃c ̸= 0 ∈ R such that c ∈ p(Σij(x) | x, Y), ∀x; or
(iii) dynamically correlated (denoted by ‘D’), if ∃c ̸∈ R such that c ∈ p(Σij(x) | x, Y), ∀x.

To determine whether zero (or c) falls in the distribution p(Σij(x) | x, Y), we determine
the 95% highest density interval of this distribution and use that instead, since no curve
will have a strictly zero posterior probability. Furthermore, covariance estimates that
deviate less than 0.005 from zero (or c) are regarded as zero (or c) by using the region
of practical equivalence (ROPE) principle [56]. This hypothesis test demonstrates an
important advantage of estimating a distribution over the covariance process, instead of
only estimating its mean. Namely, without such a distribution over the covariance process,
we would not be able to use this approach to test for dynamics in the covariance. This is
an important benefit of the probabilistic Wishart process compared to several common
approaches, such as non-Bayesian implementations of the sliding-window method and the
MGARCH model, which only provide a mean estimate of the covariance process.

4.3. Modelling of Dynamic Correlations between Mental States

We demonstrate how the Wishart process can be used in two different examples
in studying MDD, as will be described below. In both experiments, we again sampled
or optimised until convergence of all model parameters, as measured by the PSRF (see
Section 3.1).

4.3.1. Dynamics between Mental States over Time

In our first experiment, we use the Wishart process to estimate the covariance between
each pair of symptoms over the course of the experiment, that is, we use the day number
since the onset of the experiment as our input variable. Since we also have weekly SCL-
90-R scores available, this allows us to explore whether these covariances change when
the subject relapses in a depressive episode, similar to the study by Wichers et al. [15]. We
compare our estimates to those made by a DCC-GARCH model (implemented using the R
package rmgarch [57]; more details on its implementation are provided in Appendix E).

To compare the performances of the Wishart process using MCMC, variational infer-
ence and SMC, and the DCC-GARCH model, we use the following 10-fold cross validation
scheme. We split the dataset evenly into 10 subsets of training and testing observations.
In the first subset, we train each model on the first 36 observations and then predict the
next 10 data points. In the next subset, the first 72 observations are used for training and
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we again predict the next 10 data points. This pattern is continued for 10-folds. We report
the test log-likelihood averaged over all folds.

When modelling the covariance process as a function of time, the convergence of all
parameters took 5,000,000 MCMC burn-in steps, with a thinning of 1000, 61 SMC cycles
with 5000 mutation steps per cycle, and 21,710 VI optimisation iterations. The estimates of
the final fold of the Wishart process, using SMC sampling, and the DCC-GARCH model
are shown in Figure 6. Based on visual inspection, the covariance estimates of the methods
are qualitatively in agreement. Both the Wishart process and the DCC-GARCH model
estimate positive affect to be negatively correlated with all other variables, and negative
affect to be positively correlated with all variables except for positive affect. Moreover,
previous studies [15,51] have found that the covariance between different mental states
tends to become stronger with the increase in depressive score. As we saw in Figure 5A,
the subject relapsed into a depressive episode over time, which, together with the different
experimental phases of the venlafaxine dosage reduction, is also indicated in Figure 6. The
estimates show that, overall, the covariances between the different symptoms increase
in strength as the subject becomes more depressed, which is in line with the findings
by Wichers et al. [15]. In particular, we observe increased covariance between worrying
and negative affect, mental unrest, and suspicion, and a decreased covariance between
positive affect and worrying, and positive affect and suspicion. Finally, to determine if this
covariance process is dynamic or static, we apply the in Section 4.2 described hypothesis
tests for dynamic covariance on the posterior distribution estimated by the Wishart process.
These results suggest that all covariance pairs except for those between ‘positive affect’,
‘negative affect’, and ‘mental unrest’ are dynamic. By looking at the covariance function
parameters inferred by SMC, also visualised in Figure 6, we observe that these dynamics in
covariance are relatively slow, since the distribution over the lengthscales for the Matérn
1/2 function are large compared to the input range.

In Table 3, we show the performance of the Wishart process, inferred with MCMC,
variational inference or SMC, and the DCC-GARCH model for this experiment. As de-
scribed in Section 4.1, we evaluated each method on a 10-fold setup, where within each fold
we computed the test log-likelihood over the next 10 test observations. The results show
the average and standard deviation over these 10-folds, indicating that the Wishart process
with MCMC or SMC and the DCC-GARCH model outperformed variational inference.
Even though we again selected the variational inference result with the largest ELBO, the
standard deviation of this method is relatively large, indicating that this method is not
robust over different initialisations.

Table 3. For both the DCC-GARCH model and the Wishart process using MCMC, variational
inference, or SMC, we present the mean and standard deviation of the fit to the test observations by
means of the log likelihood.

DCC-GARCH
Wishart Process

MCMC VI SMC

LLtest −6.19 ± 2.75 −5.29 ± 2.85 −7.29 ± 4.21 −5.82 ± 3.39

4.3.2. Dynamics between Mental States as a Function of Venlafaxine Dosage

In our second application, we use venlafaxine dosage as an input variable to model
the covariance between each pair of symptoms. Unlike time, venlafaxine dosage is an
unevenly spaced variable. Therefore, we can only use the Wishart process in this scenario,
as the DCC-GARCH model is unable to handle unevenly spaced input data.
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Figure 6. Estimates of the RBF (in orange) and Matérn 1/2 (in purple) lengthscale parameters and
the covariances between the five different mental states (PA = positive affect, NA = negative affect,
MU = mental unrest, WO = worrying, and SU = suspicious) as a function of the day number. The
vertical black lines indicate the day on which the subject relapsed into depression, and the different
background shades indicate different phases of the antidepressant dose reduction scheme. We show
the estimates and out-of-sample predictions of the final fold. For the Wishart process estimates, we
test for dynamic covariance (D) or static covariance (S).

When modelling the covariance process as a function of venlafaxine dosage, the
convergence of all model parameters required 84 SMC cycles with 5000 mutation steps per
cycle. The estimates by SMC are shown in Figure 7. Similarly to the previous demonstration,
only every fourth observation is kept, resulting again in n = 369 observations. The Wishart
process can handle unevenly spaced input data; therefore, this model allows us to directly
model the covariance process based on the dosage reduction scheme instead of indirectly
over time. This analysis is not possible for the DCC-GARCH model because this model
requires evenly spaced input data. The resulting estimates by the Wishart process with
SMC are shown in Figure 7, where the input locations at which observations were measured
are indicated by the red dots. As expected, these estimates are in agreement with those
of Figure 6, since the dosage was reduced over the course of the experiment. When the
dosage is low, the covariances between the different mental states are generally stronger
than when the dosage has not been reduced yet.
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Figure 7. Estimates of the RBF and Matérn 1/2 lengthscale parameters and the covariances between
the five different mental states (PA = positive affect; NA = negative affect; MU = mental unrest;
WO = worrying, and SU = suspicious) as a function of antidepressant dosage. The bar plot indicates
the amount of observations available at each input location, and we tested for dynamic (D) and static
(S) covariances.

4.3.3. Differences between Dynamics in Mental State Correlations over Time and Dosage

Finally, we study whether there are any difference in the amount of dynamics esti-
mated as a function of either time or dosage. We evaluate this for every pair of symptoms
and every posterior sample by computing the distance between the minimum and maxi-
mum estimated covariances. The resulting distributions of these distances are visualised
using kernel density estimation in Figure 8. This figure shows that, overall, these covariance
process intervals are larger when using time as an input variable than when estimating
covariance as a function of antidepressant dosage. Hence, these results imply that the effect
of time on dynamic covariance is larger than the effect of dosage on dynamic covariance.
This might mean that, apart from antidepressant reduction, there are other factors affecting
the dynamics between the five mental states.
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Figure 8. For each combination of mental states (PA = positive affect; NA = negative affect;
MU = mental unrest; WO = worrying; and SU = suspicious), and using either time or dosage as
predictor variable, the distribution over the difference between the minimum and maximum of the
covariance process is shown.

5. Discussion

Across different research fields, there is substantial interest in dynamically modelling
the joint behaviour of multiple time series instead of statically. Although the Wishart
process is ideally suited for this task, inference of the model parameters is challenging.
Wilson and Ghahramani [24] used MCMC to infer the posterior distribution of the Wishart
process. Although their study showed an improved performance of modelling dynamic co-
variance compared to an MGARCH model, this approach is not scalable to larger numbers
of observations and variables. Alternatively, Heaukulani and van der Wilk [31] inferred the
posterior distribution with variational inference, which scales to larger numbers of obser-
vations and variables. However, in our experiments, we found that variational inference
did not accurately learn the covariance function parameters, which negatively affected
out-of-sample predictions of the covariance process. Moreover, both MCMC and variational
inference did not give robust estimates when using composite covariance functions with
multiple parameters. A similar problem has been observed in Gaussian process regression,
where covariance function hyperparameters can be difficult to identify correctly [58,59].
In an attempt to overcome this limitation, Svensson et al. [60] has demonstrated that
Sequential Monte Carlo (SMC) can robustly marginalize over the hyperparameters.

The SMC algorithm approximates the posterior distribution via a large amount of
model parameter sets (called particles), which are initialised from their prior, and iteratively
updated, weighted, and resampled based on their fit to the observations. Unlike MCMC
samplers, which are likely to explore high-density areas of the posterior, the different
particles of SMC can cover different modes of a distribution. Therefore, SMC is more
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capable of dealing with multimodal distributions than MCMC and variational inference.
Additionally, unlike for MCMC, which is inherently sequential, large parts of the SMC
algorithm can be performed in parallel, therefore speeding up the inference procedure.
Since the Wishart process is constructed from GP elements, we hypothesised that inference
of the Wishart process would benefit from SMC as well. Therefore, in this work, we
proposed to use SMC for inference of the Wishart process parameters.

We showed that the Wishart process combined with SMC sampling indeed offers a
robust approach to modelling dynamic covariance from time series data. In two simulation
studies where the true covariance process was known, we found that the SMC covariance
process estimates were more robust than those inferred by MCMC and variational inference,
since, unlike for SMC, the results of MCMC and variational inference varied across different
runs. This became especially pronounced in Simulation study 2 (see Section 3.5), where
MCMC and variational inference had difficulties in inferring the covariance function
hyperparameters when using composite covariance functions. Moreover, our results
demonstrated that this has important consequences when we want to use the model
parameters to make out-of-sample predictions.

In general, the Wishart process is a flexible model for estimating dynamic covariance,
and our work provides a key contribution in making its estimates reliable. The Wishart
process allows us to model dynamic covariance over unevenly spaced data, unlike common
dynamic covariance methods such as the sliding-window approach and MGARCH models.
Additionally, a Bayesian approach allows for a principled approach to test for dynamics
in covariance on a single subject using hypothesis tests. Although it is feasible to obtain a
distribution over the covariance using MGARCH as well, such as through a bootstrapping
approach, this is not a straightforward approach.

The Wishart process is applicable in various fields, such as finance, where it can be
used to study the interactions between stock markets [9–12]; neuroscience, where the
interactions between brain regions are studied [1,27–29]; or biological systems, such as
the study of social influence within animal groups [61]. In our work, we demonstrated
another application in biological systems, namely in psychology, where the Wishart process
was used to study the covariances between mental states. With this application, we
demonstrated the unique ability of the Wishart process to study covariances over unevenly
spaced input variables such as medication dosage. By comparing the change in covariance
across different predictors, this allows researchers to infer which predictors are the strongest
drivers of changes in covariance. This is not possible with common implementations of
existing approaches such as the sliding-window method or MGARCH models and therefore
opens up many new possibilities for research questions across many fields. A specific
example is the question whether the interactions between brain systems are mainly shaped
by the developmental age of children or by other factors such as cognitive development or
environmental influences [62].

There are several important aspects that deserve consideration. First of all, the latent
GPs in the Wishart process are non-identifiable, since different permutations of latent GPs
can result in identical covariance process estimates. However, the non-identifiability of the
latent GPs does not affect the covariance processes, and therefore the comparison between
different inference methods. Additionally, depending on the GP covariance function, the
parameters of the covariance function can be correlated, potentially causing multimodality
in the posterior distribution [58,60]. As demonstrated in our simulation studies, SMC
was able to sample the covariance function parameters more robustly when these are
correlated. Moreover, although we found that SMC was able to infer the posterior more
efficiently than MCMC while using a Metropolis sampler, more efficient samplers within
the Gibbs cycle might be helpful, such as the Metropolis-adjusted Langevin algorithm [63]
or a Hamiltonian Monte Carlo algorithm [64]. Moreover, although the Wishart process
is a flexible model, the covariance process estimates depend on the choice of covariance
function for the GP. For example, the RBF covariance function will result in relatively
smooth covariance process estimates compared to the estimates when using a Matérn 1/2
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function. Selecting an appropriate covariance function might be challenging when the
expected dynamics in covariance are unknown. In these situations, a potential solution
would be to learn the covariance function from the data, for example, by using the approach
by Wilson and Adams [65]. Moreover, our approach with SMC currently does not scale to
large numbers of observations and variables. This is because the mutation steps within SMC
are parallelised, therefore storing large matrices in memory for all particles simultaneously.
To improve scalability of the Wishart process with SMC, the current implementation can
be augmented in several ways, of which we will provide a few suggestions here. In order
to scale to larger numbers of observations, we could make use of inducing points [66],
which were already implemented for the Wishart process using variational inference [31].
The challenge of this approach is the trade-off between scalability and the precision of the
estimates, as the performance decreases when using fewer inducing points. Another way
would be to use a factored variant of the Wishart process, where a mapping from a small
number of latent variables to a larger number of observed variables is learned [31,67]. This
approach works particularly well when there is a shared underlying dynamic covariance
structure among a larger set of variables. Finally, when we work with evenly spaced data,
we could make use of the Toeplitz structure to improve scalability [68,69].

Currently, the Wishart process models dynamic covariance, which contains both direct
as well as indirect interactions between variables. However, in certain domains, such
as neuroscience, it might be more relevant to study direct interactions only, via sparse
partial correlations [70,71]. Zero elements in a partial correlation matrix imply that there
is no direct interaction between a pair of variables. Therefore, sparse partial correlations
matrices can offer researchers valuable insights. A previous study [72] proposed to model
sparse partial correlations using a G-Wishart distribution, which is, similarly to the Wishart
distribution itself, a distribution over positive-definite symmetric matrices, but it also
ensures that there are zero elements in the partial correlation matrices when there are no
direct interactions between two variables. Extending the Wishart process to model sparse
partial correlation matrices would be an interesting direction for future work.

In conclusion, by inferring the Wishart process using Sequential Monte Carlo sampling,
we can robustly estimate and out-of-sample predict dynamic covariance processes. The
benefits relative to existing approaches become especially pronounced when composite
covariance functions are used, where multiple modes of likely parameter combinations
exist. Additionally, we showed how the distribution over the covariance can be used to test
for dynamics, and how dynamic covariance can be modelled as a function of an unevenly
spaced input. The combination of Wishart processes and SMC can be used to answer
research questions related to dynamic covariance in different domains, such as psychology,
finance, and neuroscience.
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Appendix A. Markov Chain Monte Carlo for Wishart Processes

Wilson and Ghahramani [24] infer the posterior distribution of the Wishart process
p(Σ(xi) | x, Y) using MCMC sampling with the following Gibbs cycle [40]:

p(F | θ, L, x, Y) ∝ p(Y | F, L, x)p(F | x, θ)

p(θ | F, L, x, Y) ∝ p(F | x, θ)p(θ)
p(L | θ, F, x, Y) ∝ p(Y | F, L, x)p(L) ,

(A1)

Hence, the distributions over the latent model parameters are updated in each MCMC
iteration by combining the multivariate normal likelihood p(Y | F, L, x) with the prior dis-
tributions over the latent GPs p(F | x, θ), covariance function parameters p(θ), or lower
Cholesky decomposition of the scale matrix p(L). The distribution p(F | x, θ) is a multivari-
ate normal prior on the latent GPs. To sample θ and L, we use a Random Walk Metropolis-
Hastings sampler. The latent GPs are sampled using elliptical slice sampling [73], since the
GPs are highly correlated. Elliptical slice sampling does not require any input parameters
and is efficient because new proposals are always accepted. Moreover, the elliptical slice
sampler can benefit from the Kronecker structure of p(F | x, θ) by sampling F for every
block independently, and then combining the resulting samples. In other words, we can
independently sample d × v GPs, and then construct F. The computational benefit is that,
instead of having to invert an ndv × ndv matrix, we now only have to invert dv matrices
that are n × n, which is computationally much faster.

Appendix B. Variational Wishart Processes

Heaukulani and van der Wilk [31] approximate the posterior of the Wishart process
p(Σ(xi) | x, Y) by means of variational inference, a method that uses optimisation instead
of sampling. First, a variational distribution q(F | ϕ) is introduced over the dv GP samples
F. The variational parameters ϕ are optimised so that the distribution q is close to the true
posterior, with the distance between two distributions being measured by the Kullback–
Leibler divergence [74], denoted as KL(q∥p). Ideally, the form of q(F | ϕ) should capture
the shape of the posterior, and is often chosen to follow a multivariate normal distribution
with each GP sample having mean m and covariance matrix S, such that

q
(

fjl | ϕ
)
= MVN n

(
mjl , Sjl

)
, j = 1, . . . , d , l = 1, . . . , v . (A2)

The variational parameters mjl and Sjl , as well as the Wishart process parameters L
and θ, are optimised by iteratively maximising the evidence lower bound (ELBO) using
gradient descent:

ELBO =
n

∑
i=1

Eq(F(xi))
[log p(yi | F(xi))]−

d

∑
j=1

v

∑
l=1

KL
(

q
(

fjl

)
∥p
(

fjl

))
, (A3)

where F(xi) is the d × v matrix of latent GPs evaluated at xi. The first part of the ELBO
represents the model fit, computed as the expectation of the log-likelihood, using the
variational distribution. The second part of the ELBO pushes the variational distribution
closer to the prior distribution via the negative KL-divergence. Maximising the ELBO means
that we try to maximise the likelihood, while also keeping the variational distribution close
to the prior of F (via the KL-divergence). After having approximated the variational
parameters of the distribution q(F | ϕ), predictions at test locations x∗ can be made by first
sampling latent GPs at x∗ from p(F∗) using Equation (7) and then constructing the the
covariance process Σ(x∗).

Additionally, Heaukulani and van der Wilk [31] show that the parameter estimation is
improved by adding an additional noise term in the construction of the covariance matrix
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(see Equation (6)). The noise term is a diagonal matrix Λ ∈ Rd×d. Σ(xi) is now constructed
as follows:

Σ(xi) =
v

∑
l=1

Lfl(xi)fl(xi)
⊤L⊤ + Λ , i = 1, . . . , n . (A4)

This regularisation term can also be optimised similar to the other parameters, and improves
the approximation of the gradients required in optimisation of the ELBO.

Appendix C. Covariance Process Estimates of the Second Simulation Study

For the second simulation study, we provide the covariance process and covariance
function parameter estimates based on only one dataset and covariance function. To
illustrate the variety of estimates by all three inference methods, we show three more
covariance process estimates in Figure A1, based on different sets of observations, using
either a Periodic or Locally Periodic covariance function.
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Figure A1. Covariance process estimates and out-of-sample predictions for each inference method,
together with the corresponding distributions over the covariance function parameters. The true
covariance process is shown in black, and out-of-sample predictions are shown after the grey dotted
line. (A) The covariance process is modelled using a Periodic covariance function, which has two
parameters: the period (p) and the lengthscale within each period (ℓRBF). (B) Based on the same
observations as in A, the covariance process is modelled using a Locally Periodic covariance function
(see Equation (13)), which has three parameters: the period (p), the lengthscale within each period
(ℓRBF) and the lengthscale between periods (ℓp).
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Appendix D. Convergence of the Covariance Process Samples

We have measured the convergence of all Wishart process parameters by means of the
potential scale reduction factor between the posterior distributions resulting from different
random initialisations of the model parameters. Here, we found that, although the samples
of the covariance process estimates converged relatively fast, convergence of the covariance
function parameters and scale matrix required more burn-in steps, optimisation steps, or
mutation steps, as shown for the data from Simulation study 1 in Figure A2.
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Figure A2. Convergence of the covariances, covariance function hyperparameters, and scale matrix
from Section 3.4. The convergence was measured using the Potential Scale Reduction Factor (PSRF),
and averaged over the elements (when applicable). Since variational inference learns point estimates
of the model parameters, we only show the convergence of the covariance for variational inference. In
general, convergence of the covariance requires much less burn-in steps, mutation steps, or iterations
than convergence of the scale matrix and covariance function hyperparameters.

Appendix E. Multivariate Generalised Autoregressive Conditional
Heteroscedastic Models

Multivariate generalised autoregressive conditional heteroscedastic (multivariate
GARCH) models [17,75] are an often used approach in finance [18,19]. Similar to how
autoregressive moving average (ARMA) models [76] assume that the observations follow
a Gaussian distribution and estimate current observations based on past observations
and past residuals (or error terms), univariate GARCH models [16] estimate the variance
of a residual as a function of the past variances in residuals and the past residuals itself.
Multivariate GARCH models estimate both the variance of a variable itself and the covari-
ance between pairs of variables. There are several well-known versions of multivariate
GARCH models.

The Dynamic Conditional Correlation (DCC-GARCH) model by Engle [77] is a variant
of the multivariate GARCH model that estimates covariance from a non-linear combination
of univariate GARCH models. Namely, the DCC-GARCH model specifies a univariate
GARCH model hjj ∈ Rn(for j = 1, . . . , d) for every variable:

Hi = diag
(

h1/2
jji , . . . , h1/2

ddi

)
, i = 1, . . . , n . (A5)

The univariate estimates are first transformed as uij = yij/
√

hjji and then used to construct

the symmetric positive definite matrix Qi ∈ Rd×d:

Qi = (1 − α − β)Q̄ + αui−1ui−1 + βQi−1 , i = 1, . . . , n , (A6)

where α and β are non-negative scalar parameters such that α + β < 1, and Q̄ ∈ Rd×d is
the unconditional variance matrix of ui; it contains the variances of ui independent of ui−1.
From matrix Qj, we now construct R ∈ Rn×d×d:

Ri = diag
(

q1/2
jji , . . . , q1/2

ddi

)
Qidiag

(
q1/2

jji , . . . , q1/2
ddi

)
, i = 1, . . . , n . (A7)
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Finally, the covariance estimates are constructed by combining H and R:

Σi = HiRiHi . (A8)

Similarly to the other multivariate GARCH variants, the DCC-GARCH model combines
the outer product of the previous observations (via uj) and the previous covariances
(via Qj−1) to estimate the covariance at input location j. The DCC-GARCH variant

has (d + 1)× (d + 4)/2 parameters, which is much less than the (p + q)(d(d + 1)/2)2 +
d(d + 1)/2 parameters of the original multivariate GARCH model. This makes the DCC-
GARCH variant less likely to overfit.
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